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Abstract. We argue whether it is beneficial to measure cosmic statistical anisotropy from
redshift-space correlators of the galaxy number density fluctuation and the peculiar velocity
field without adopting the plane-parallel (PP) approximation. Since the correlators are de-
composed using the general tripolar spherical harmonic (TripoSH) basis, we can deal with
wide-angle contributions untreatable by the PP approximation, and at the same time, target
anisotropic signatures can be cleanly extracted. We, for the first time, compute the covariance
of the TripoSH decomposition coefficient and the Fisher matrix to forecast the detectability
of statistical anisotropy. The resultant expression of the covariance is free from nontrivial
mixings between each multipole moment caused by the PP approximation and hence the de-
tectability is fully optimized. Compared with the analysis under the PP approximation, the
superiority in detectability is always confirmed, and it is highlighted, especially in the cases
that the shot noise level is large and that target statistical anisotropy has a blue-tilted shape
in Fourier space. The application of the TripoSH-based analysis to forthcoming all-sky sur-
vey data could result in constraints on anisotropy comparable to or tighter than the current
cosmic microwave background ones.
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1 Introduction
Global isotropy of the Universe underlies the concordance cosmology such as a ΛCDM model.
This is linked with the cosmic no-hair conjecture at the primordial inflationary stage. On
the other hand, recently, possibilities of the departure from isotropy have been widely and
thoroughly argued. The addition of some source fields as vector or higher-spin fields (e.g. [1–
4]), an inflating solid (e.g. [5, 6]), fossil gravitational waves (e.g. [7, 8]) and large-scale tides
(e.g. [9–12]) to the particle content in both early and late Universe has been proposed and
studied for such possibilities.
Broken isotropy or equivalently broken rotational invariance imprints quite unique signa-
tures in the two-point correlation function (2PCF) or the power spectrum between a variety
of cosmic observables such as the cosmic microwave background (CMB), large-scale struc-
ture, the 21-cm radiation and the gravitational wave background. The anisotropic signatures
have been tested with diverse observed data, however, there is no detection up to now. In
the analysis using angular power spectra computed on the 2D sphere, a nonvanishing signal
in off-diagonal multipole modes is an observational indicator. No detection of it places up-
per bound on the anisotropic component. The stringent one comes from the CMB, reading
∼ 10−2 of the isotropic component [13–15]. Such constraints can be utilized for determining
the particle content of the Universe (e.g. [16–18]).
On the other hand, very recently, the isotropy test in the 3D space has also been thor-
oughly examined. In ref. [19], we developed an efficient way to extract the anisotropic signal
from the 2PCF of 3D galaxy clustering. The current upper bound obtained in this way is
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within an order of magnitude of the CMB constraint [20], while a drastic update is expected
in the future since the signal-to-noise ratio in the 3D analysis grows even faster than the 2D
one as accessible Fourier mode increases [17, 19].
The observational constraints and their forecasts mentioned above were obtained impos-
ing the plane-parallel (PP) approximation where two different line-of-sight (LOS) directions
sˆ1 and sˆ2 are identified with each other. This approximation has worked well in the analysis
of galaxy surveys so far because the data where the visible angle of the survey area become
too large has not been used. In contrast, this approximation is not applicable to the analysis
including any wide-angle contribution targeted by proposed all-sky surveys such as SPHEREx
[21], Euclid [22] and WFIRST [23]. Establishing a complete analysis methodology without
the PP approximation is therefore a pressing issue.1
In the absence of the PP approximation, the 2PCF is characterized by three directions:
two LOS vectors, sˆ1 and sˆ2, and its separation vector, sˆ12 ≡ ŝ1 − s2, where hat denotes
a unit vector. In the appendix of ref. [19], we found that the directional dependence can
be completely decomposed using the general tripolar spherical harmonic (TripoSH) basis
{Y`(sˆ12)⊗{Y`1(sˆ1)⊗Y`2(sˆ2)}`′}LM [27]. If the Universe is isotropic, nonvanishing coefficients
are confined to L = 0. There are many previous works on the response of the L = 0 coefficients
on a variety of isotropic Universe models (e.g. [28–33]).2 In contrast, ref. [19] showed that
the L > 0 coefficients become a clean indicator of broken isotropy.
As for L = 0, very recently, the covariance of the TripoSH coefficient was also examined
in our paper [39]. We then found that nontrivial mixings between different multipole moments
as seen in the PP-limit covariance do not exist. This fact minimizes the covariance and hence
drastically optimizes the signal-to-noise ratio, especially at higher multipole moments.
In this paper, in anticipation of the anisotropic signal measurement using wide-angle
data, we generalize our covariance formalism in ref. [39] by including L > 0. As in ref. [39],
we consider power spectra of density and velocity fields in redshift space as observables in
galaxy redshift surveys, peculiar velocity surveys and kinematic Sunyaev-Zel’dovich surveys
(e.g. [40–47]). We then confirm that, even for L > 0, the covariance is minimized by virtue
of high separability of the general TripoSH basis. We also compute the Fisher matrix and
forecast the constraints on a widely-used isotropy breaking parameter gLM [see eqs. (3.10)
and (4.1) for definition] from the galaxy density and velocity fields. It is then found that our
new TripoSH-based analysis always surpasses the previous PP-limit one in detectability of
gLM thanks to minimizing the covariance, and the superiority becomes remarkable if the shot
noise level enlarges or if target anisotropy has a blue-tilted shape in Fourier space.
This paper is organized as follows. In the next section, we summarize the linear-order
expressions of the galaxy number density fluctuation and the peculiar velocity field under-
lying our discussions. In section 3, we perform the TripoSH decomposition of the 2PCF of
the density and velocity fields and estimate the signal arising from the anisotropic Universe
models and the covariance of the TripoSH coefficient. The error estimation on gLM is done
in section 4. The final section is devoted to the conclusion of this paper. In appendix A, the
Fisher matrix computation in the PP limit based on the bipolar spherical harmonic (BipoSH)
decomposition is argued. In appendix B, some mathematical identities utilized in this paper
are summarized.
1See refs. [24–26] for a few studies on analyzing observed galaxy clustering in configuration space.
2See e.g., refs. [34–38] for other decomposition approaches.
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2 Linear theory for cosmic density and velocity fields
In this paper, as cosmic observables, we take into account two scalar quantities: the galaxy
number density contrast δ(s) ≡ n(s)/n¯(s)−1 and the LOS peculiar velocity field u(s) = v(s)·sˆ
in redshift space. Since our main interest is to extract large-scale information on statistical
anisotropy from galaxy clustering, we may work with the linear theory representation [32, 43,
48]:
X(s) =
∫
d3k
(2pi)3
eik·sFX(k, sˆ), (2.1)
where X = {δ, u} and
F δ(k, sˆ) ≡
[
b− i α
ks
(kˆ · sˆ)f + (kˆ · sˆ)2f
]
δm(k),
F u(k, sˆ) ≡ iaH
k
(kˆ · sˆ)fδm(k).
(2.2)
The linear bias parameter b, the linear growth rate f , the scale factor a, the Hubble parameter
H, the selection function α ≡ d ln n¯(s)/d ln s + 2, the real-space matter density fluctuation
δm(k) and FX(k, sˆ) depend on time, redshift or the conformal distance although it is not
clearly stated as an argument for notational convenience. This convention is also adopted
henceforth unless the parameter dependence is nontrivial. Note that FX(k, sˆ) does not cor-
respond to the Fourier counterpart of X(s) because there still remains the sˆ dependence.
For later convenience, we expand the angular dependence due to the redshift-space distortion
using the Legendre polynomials L`(x) as
FX(k, sˆ) =
∑
j
cXj (k)Lj(kˆ · sˆ)δm(k), (2.3)
where cX∗j = (−1)jcXj and
cδ0 = b+
1
3
f, cδ1 = −i
α
ks
f, cδ2 =
2
3
f, cδj≥3 = 0,
cu1 = i
aH
k
f, cu0 = c
u
j≥2 = 0.
(2.4)
Now, we assume that the matter distribution in real space is statistically homogeneous
but is allowed to be statistically anisotropic in anticipation of anisotropic cosmological sce-
narios. The matter power spectrum then takes the form
〈δm(k1)δm(k2)〉 = (2pi)3δ(3)(k1 + k2)Pm(k1). (2.5)
In this case, the 2PCF of the density and velocity fields is written as
ξX1X2(s12, sˆ1, sˆ2) ≡ 〈X1(s1)X2(s2)〉
=
∫
d3k
(2pi)3
eik·s12PX1X2(k, sˆ1, sˆ2), (2.6)
where s12 ≡ s1 − s2 and
PX1X2(k, sˆ1, sˆ2) =
∑
j1j2
cX1j1 (k)(−1)j2cX2j2 (k)Lj1(kˆ · sˆ1)Lj2(kˆ · sˆ2)Pm(k). (2.7)
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Just like eq. (2.1), PX1X2(k, sˆ1, sˆ2) cannot be regarded as the Fourier counterpart of ξX1X2(s12, sˆ1, sˆ2)
because of the sˆ1 and sˆ2 dependence.
Our formalism developed bellow is based on these formulae. Although the contributions
of unequal-time correlators are not included for simplicity, they become treatable through
a small extension. The above variables depend on cosmological parameters. Our numerical
analysis performed below is done by fixing their values to be consistent with the latest CMB
limits [49].
3 Tripolar spherical harmonic decomposition
In this section, we decompose the 2PCF (2.6) using the TripoSH basis, and extract the
anisotropic signatures. Moreover, we compute the covariance of the decomposition coefficient.
3.1 Decomposition rule
As seen in eq. (2.6), the 2PCF is characterized by sˆ12, sˆ1 and sˆ2. For a general angular decom-
position basis, let us introduce the TripoSH function taking these three angles as arguments
[19, 27]:
XLM``1`2`′(sˆ12, sˆ1, sˆ2) ≡ {Y`(sˆ12)⊗ {Y`1(sˆ1)⊗ Y`2(sˆ2)}`′}LM
=
∑
mm1m2m′
CLM`m`′m′C`
′m′
`1m1`2m2Y`m(sˆ12)Y`1m1(sˆ1)Y`2m2(sˆ2), (3.1)
where Cl3m3l1m1l2m2 ≡ (−1)l1−l2+m3
√
2l3 + 1
(
l1 l2 l3
m1 m2 −m3
)
is the Clebsch-Gordan coefficients.
This satisfies the orthonormality:∫
d2sˆ12
∫
d2sˆ1
∫
d2sˆ2XLM``1`2`′(sˆ12, sˆ1, sˆ2)X L˜M˜∗˜``˜ 1 ˜`2 ˜`′(sˆ12, sˆ1, sˆ2) = δL,L˜δM,M˜δ`,˜`δ`1,˜`1δ`2,˜`2δ`′,˜`′ .
(3.2)
We decompose the 2PCF according to
ξX1X2(s12, sˆ1, sˆ2) =
∑
``1`2`′LM
ΞLMX1X2``1`2`′ (s12)XLM``1`2`′(sˆ12, sˆ1, sˆ2). (3.3)
The TripoSH coefficient is then computed through the inverse formula:
ΞLMX1X2``1`2`′ (s12) =
∫
d2sˆ12
∫
d2sˆ1
∫
d2sˆ2 ξ
X1X2(s12, sˆ1, sˆ2)XLM∗``1`2`′(sˆ12, sˆ1, sˆ2). (3.4)
Note that the coefficient with L = M = 0, Ξ00X1X2``1`2` , is equivalent to Ξ
X1X2
``1`2
in ref. [39]. As
confirmed in ref. [19] and the next subsection of this paper, distinctive signatures of statistical
anisotropy appear for L > 0.
Now, we consider the TripoSH decomposition of eq. (2.6). Simplifying the sˆ12 integral
using eqs. (B.1) and (B.2), we have
ΞLMX1X2``1`2`′ (s12) = i
`
∫ ∞
0
k2dk
2pi2
j`(ks12)Π
LMX1X2
``1`2`′ (k), (3.5)
where
ΠLMX1X2``1`2`′ (k) ≡
∫
d2kˆ
∫
d2sˆ1
∫
d2sˆ2 P
X1X2(k, sˆ1, sˆ2)XLM∗``1`2`′(kˆ, sˆ1, sˆ2). (3.6)
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It is convenient to introduce a reduced coefficient:
PLMX1X2``1`2`′ (k) ≡ (−1)L+`
′ h`1`2`′h``′L√
4pi(2`′ + 1)
ΠLMX1X2``1`2`′ (k), (3.7)
where
hl1l2l3 ≡
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4pi
(
l1 l2 l3
0 0 0
)
. (3.8)
This corresponds to the BipoSH coefficient in the PP limit sˆ1 = sˆ2 (see appendix A.1 for
definition) with a simple relation:
PLMX1X2``′ (k) =
∑
`1`2
PLMX1X2``1`2`′ (k); (3.9)
thus, facilitates the comparison with the previous PP-limit results. One can see from this
that, by the PP approximation, two multipole moments `1 and `2, which are associated with
sˆ1 and sˆ2, respectively, are contracted and disappear. This gives rise to the information loss
(see appendix A.3 for details).
3.2 Anisotropic signal
If the matter distribution in real space breaks statistical isotropy, there remains the kˆ depen-
dence in its power spectrum. We express it with a generic form,
Pm(k) = P¯m(k)
∑
LM
GLM (k)YLM (kˆ), (3.10)
where P¯m ∈ R quantifies the isotropic component (and hence G00 =
√
4pi), and GL≥1,M (k)
represents the fraction of the departure from isotropy, obeying GLM = (−1)MG∗L,−M ∈ C
and GL=odd,M = 0 from Pm(k) = Pm(−k) = P ∗m(−k). This type of directional dependence
can originate from the primordial curvature power spectrum, e.g., if higher spin fields couple
to some scalar fields in the inflationary era. In the simplest case where there is spin-1 vectors,
G2M does not vanish as well as G00 (e.g. [16, 50–55]). More generally, spin-s fields generate
G00, G2M , G4M , · · · , G2(s−1),M and G2s,M [4, 17]. Nonvanishing GL>2,M can also be sourced
from two-form fields [56]. In such models, the scale dependence of GLM (k) can be controlled
by the shape of the coupling function or the potential. Even in the absence of higher spin
fields, nonzero G2M can also be induced by an inflating solid or elastic medium [5, 6] and
fossil gravitational waves [7, 8]. Due to the nonlinearity of gravity, large scale tides beyond
the survey region also leave the anisotropic imprint on the observed power spectrum [9–12]
and thus yield the form of eq. (3.10). Note that eq. (3.10) recovers the usual isotropic power
spectrum, Pm(k) = P¯m(k), by taking GL≥1,M = 0.
After substituting eq. (2.7) into eq. (3.6), we simplify the kˆ, sˆ1 and sˆ2 integrals by use
of eqs. (B.2) and (B.4). We finally obtain
ΠLMX1X2``1`2`′ (k) =
(4pi)2(−1)`+`2h`1`2`′h``′L
(2`1 + 1)(2`2 + 1)
√
2`′ + 1
√
2L+ 1
cX1`1 (k)c
X2
`2
(k)P¯m(k)GLM (k). (3.11)
Without loss of generality, according to eq. (3.7), this can be transformed into the reduced
coefficient as
PLMX1X2``1`2`′ (k) = P¯
LX1X2
``1`2`′ (k)
GLM (k)√
4pi
, (3.12)
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Figure 1. All nonvanishing components of P¯2δδ``1`2`′ (top two panels), P¯2δu``1`2`′ (bottom left panel) and
P¯2uu``1`2`′ (bottom right panel) as a function of k at b = 2.0, z = 0.5 and α = 2. The label of each curve
represents the value of ``1`2`′.
where
P¯LX1X2``1`2`′ (k) ≡
(4pi)2(−1)`2h2`1`2`′h2``′L
(2`1 + 1)(2`2 + 1)(2`′ + 1)
√
2L+ 1
cX1`1 (k)c
X2
`2
(k)P¯m(k). (3.13)
It is confirmed from this that nonzero L > 0 coefficients are the distinctive features
of the isotropy breaking signal. The selection rules of h`1`2`′ and h``′L restrict the allowed
multipole domain to |`1 − `2| ≤ `′ ≤ `1 + `2, |` − `′| ≤ L ≤ ` + `′, `1 + `2 + `′ = even and
`+ `′ +L = even. The total number of nonvanishing TripoSH coefficients therefore increases
with L. For example, 32 P¯2δδ``1`2`′ , 11 P¯2δu``1`2`′ and 4 P¯2uu``1`2`′ , and 36 P¯4δδ``1`2`′ , 12 P¯4δu``1`2`′ and
4 P¯4uu``1`2`′ do not vanish for L = 2 and 4, respectively.
One can see the shapes of P¯2δδ``1`2`′ , P¯2δu``1`2`′ and P¯2uu``1`2`′ in figure 1. The coefficients
sourced by the monopole cδ0, corresponding to `1 = 0 and/or `2 = 0, have the significant
amplitudes. The coefficients for `1 = 1 and/or `2 = 1 have the relatively red-tilted shapes
because cX1 (k) ∝ k−1.
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3.3 Covariance
Here, we compute the covariance of the TripoSH coefficient. The 2PCF reconstructed from a
single realization is given by
ξˆX1X2(s12, sˆ1, sˆ2) =
∫
d3k
(2pi)3
eik·s12PˆX1X2(k, sˆ1, sˆ2), (3.14)
where
PˆX1X2(k, sˆ1, sˆ2) ≡ 1
V
FX1(k, sˆ1)F
X2(−k, sˆ2)− PX1X2noise . (3.15)
with V the survey volume and PX1X2noise the power spectrum of the shot noise. We regard
ξX1X2 , PX1X2 and their decomposition coefficients with hat as quantities estimated from a
single realization henceforth.
We assume Gaussianity of FX ; thus, the covariance of PˆX1X2 can be simplified to〈
PˆX1X2(k, sˆ1, sˆ2)Pˆ
X˜1X˜2(k˜, ˆ˜s1, ˆ˜s2)
〉
c
= 4pi
δk,k˜
Nk
[
δ(2)(kˆ +
ˆ˜
k)PX1X˜1tot (k, sˆ1,
ˆ˜s1)P
X2X˜2
tot (−k, sˆ2, ˆ˜s2)
+δ(2)(kˆ − ˆ˜k)PX1X˜2tot (k, sˆ1, ˆ˜s2)PX2X˜1tot (−k, sˆ2, ˆ˜s1)
]
, (3.16)
where Nk = V k2dk/(2pi2) and PX1X2tot ≡ PX1X2 + PX1X2noise . Besides, supposing that the
anisotropic contributions in PX1X2 are negligibly small; namely |GL≥1,M |  G00, PX1X2tot
is expressed as
PX1X2tot (k, sˆ1, sˆ2) =
∑
j1j2
(−1)j2pX1X2j1j2 (k)Lj1(kˆ · sˆ1)Lj2(kˆ · sˆ2), (3.17)
where
pX1X2j1j2 (k) ≡ cX1j1 (k)cX2j2 (k)P¯m(k) + PX1X2noise δj1,0δj2,0. (3.18)
The covariance of ΠˆLMX1X2``1`2`′ is obtained through the double TripoSH decomposition of
the covariance of PˆX1X2 as〈
ΠˆLMX1X2``1`2`′ (k)Πˆ
L˜M˜X˜1X˜2
˜``˜
1
˜`
2
˜`′ (k˜)
〉
c
=
∫
d2kˆ
∫
d2sˆ1
∫
d2sˆ2
∫
d2
ˆ˜
k
∫
d2 ˆ˜s1
∫
d2 ˆ˜s2
×XLM∗``1`2`′(kˆ, sˆ1, sˆ2)X L˜M˜∗˜``˜ 1 ˜`2 ˜`′(
ˆ˜
k, ˆ˜s1, ˆ˜s2)
〈
PˆX1X2(k, sˆ1, sˆ2)Pˆ
X˜1X˜2(k˜, ˆ˜s1, ˆ˜s2)
〉
c
. (3.19)
In a similar way to the derivation of eq. (3.11), we can simplify the sˆ1, sˆ2, ˆ˜s1 and ˆ˜s2 integrals
by means of eq. (B.4). Via the transformation into the reduced coefficient by eq. (3.7), we
have
CP;P∗ ≡
〈
PˆLMX1X2``1`2`′ (k)Pˆ
L˜M˜X˜1X˜2∗
˜``˜
1
˜`
2
˜`′ (k˜)
〉
c
= δL,L˜δM,M˜
δk,k˜
Nk
ΥL;X1X2;X˜1X˜2
``1`2`′; ˜``˜ 1 ˜`2 ˜`′
(k), (3.20)
where
ΥL;X1X2;X˜1X˜2
``1`2`′; ˜``˜ 1 ˜`2 ˜`′
(k) ≡
(4pi)4(−1)`2+˜`1h2`1`2`′h2``′Lh2˜`1 ˜`2 ˜`′h
2
˜``˜ ′L
(2`1 + 1)(2`2 + 1)(2`′ + 1)(2˜`1 + 1)(2˜`2 + 1)(2˜`′ + 1)(2L+ 1)
×
[
pX1X˜1
`1 ˜`1
(k)pX2X˜2
`2 ˜`2
(k) + (−1)LpX1X˜2
`1 ˜`2
(k)pX2X˜1
`2 ˜`1
(k)
]
. (3.21)
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This can be straightforwardly transformed into the covariance of ΞˆLMX1X2``1`2`′ by means of
eqs. (3.5) and (3.7).
In analogy with the L = 0 case [39], we also find from eqs. (3.21) and (3.18) that
the covariance becomes independent of PX1X2noise at some special multipole configurations, e.g.,
where none or only one of `1, `2, ˜`1 and ˜`2 becomes 0. The covariance is then minimized as
ΥL;X1X2;X˜1X˜2
``1`2`′; ˜``˜ 1 ˜`2 ˜`′
(k) =
[
1 + (−1)L] P¯LX1X2``1`2`′ (k)P¯LX˜1X˜2∗˜``˜ 1 ˜`2 ˜`′ (k). (3.22)
This form reveals that there is no entanglement between different multipole moments, which
appear in the PP-limit covariance (A.15) or (A.16). This fact results in the improvement of
the detectability of GLM as shown in the next section.
4 Expected errors on gLM
In this section, we forecast the detectability of the anisotropic amplitude GL>0,M for L = even
by computing the Fisher matrix. We assume that GLM has a power-law shape,
GLM (k) = gLM
(
k
k∗
)q
, (4.1)
with k∗ ≡ 0.05 Mpc−1 the pivot scale adopted in the CMB analysis [13–15]. The power-law
shape is naturally predicted, e.g, in the vector inflation models [16, 51, 53]. We then compute
1σ errors on gLM in terms of five degrees of tilt: q = ±2, ±1 and 0.
4.1 Fisher matrix formalism
The Fisher matrix for gLM is defined as
FgLM ,gL˜M˜ ≡
∂P∗
∂g∗LM
C−1P∗;P
∂tP
∂gL˜M˜
, (4.2)
where P is a vector composed of the TripoSH coefficients. Since the covariance matrix (3.20)
is diagonalized with respect to L and M , the Fisher matrix is also diagonalized as
FgLM ,gL˜M˜ = FLδL,L˜δM,M˜ . (4.3)
Taking the continuous limit
∑
k ∆k →
∫
dk, we obtain
FL =
∑
X1X2
X˜1X˜2
V
∫ kmax
kmin
k2dk
(2pi)3
(
k
k∗
)2q ∑
``1`2`′
˜``˜
1
˜`
2
˜`′
P¯LX1X2∗``1`2`′ (k)(Υ−1)
L;X1X2;X˜1X˜2
``1`2`′; ˜``˜ 1 ˜`2 ˜`′
(k)P¯LX˜1X˜2˜``˜
1
˜`
2
˜`′ (k), (4.4)
where
∑
X1X2
X˜1X˜2
and
∑
``1`2`′
˜``˜
1
˜`
2
˜`′
should be performed in terms of all observable fields and multipoles
one wants to take into account, respectively. One can also compute the Fisher matrix based
on ΞLMX1X2``1`2`′ , while the similar result should be obtained since it is related to eq. (4.4) via
the simple Hankel transformation (3.5). The expected 1σ error is computed according to
∆gLM = 1/
√FL. Numerical results are described in the next subsection.
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In the simplest case where one uses the information of only one of the three different
2PCFs (X1X2 = {δδ, δu, uu}) and a single multipole set, the Fisher matrix is given by
FL|X1X2``1`2`′ = V
∫ kmax
kmin
k2dk
(2pi)3
(
k
k∗
)2q |P¯LX1X2``1`2`′ (k)|2
ΥL;X1X2;X1X2``1`2`′;``1`2`′ (k)
. (4.5)
In particular, for `1 6= 0 and `2 6= 0, the covariance takes the minimized form (3.22). The
Fisher matrix is accordingly maximized and can be analytically computed as
FL|X1X2``1`2`′ =
V k3∗
16pi3
×

[(
kmax
k∗
)2q+3 − (kmink∗ )2q+3] 12q+3 : q 6= −32
ln
(
kmax
kmin
)
: q = −32
. (4.6)
For example, for L = 2, the following 21 + 9 + 4 components take this form,
F2|δδ0112, F2|δδ0222,
F2|δδ1121, F2|δδ1123, F2|δδ1211, F2|δδ1213,
F2|δδ2110, F2|δδ2112, F2|δδ2220, F2|δδ2222, F2|δδ2224,
F2|δδ3121, F2|δδ3123, F2|δδ3211, F2|δδ3213,
F2|δδ4112, F2|δδ4222, F2|δδ4224,
F2|δδ5123, F2|δδ5213,
F2|δδ6224,
F2|δu0112,
F2|δu1211, F2|δu1213,
F2|δu2110, F2|δu2112,
F2|δu3211, F2|δu3213,
F2|δu4112,
F2|δu5213,

F2|uu0112,
F2|uu2110, F2|uu2112,
F2|uu4112.
(4.7)
We stress that eq. (4.6) exactly holds irrespectively of the shot noise level. In contrast, in the
PP-limit analysis [17, 19], eq. (4.6) has been approximately derived for X1X2 = δδ, though a
noiseless survey is then necessary to be assumed (see the next subsection and appendix A.4
for details).
4.2 Results
Here we discuss numerical results estimated from δ only (∆gLM |δ), u only (∆gLM |u) and
δ and u jointly (∆gLM |δ+u). We then find that ∆gLM |δ, ∆gLM |u and ∆gLM |δ+u have the
identical value, and it coincides with the inverse of the root of eq. (4.6). This means that
the corresponding Fisher matrices contain the information of eq. (4.6) in submatrices, while
eq. (4.6) already takes the maximized form; thus, there is no additional gain by integrating
all multipoles. We also confirm that ∆gLM |δ, ∆gLM |u and ∆gLM |δ+u are robust against the
change of L, M , PX1X2noise , z, b, f or any cosmological parameter as inferred from eq. (4.6).
Figure 2 describes ∆gLM |δ, ∆gLM |u and ∆gLM |δ+u as a function of kmax at a current
level experimental setting: kmin = 0.005hMpc−1 and V = 2.5h−3 Gpc3. The kmax dependence
corresponding to the tilt of GLM is confirmed. The detectability can approach the CMB level
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Figure 2. Expected 1σ errors on gLM from the δ-only, u-only and δ + u data as a function of
kmax when GLM ∝ k±2, k±1 and k0. These completely overlap with each other. We here adopt
kmin = 0.005hMpc
−1 and V = 2.5h−3 Gpc3.
∆gLM ∼ 10−2 [17] as kmax is close to 0.1hMpc−1. Surpassing this value is expected in a
forthcoming survey by increasing V .
Next, we argue the detectability improvement relative to the PP-limit results ∆gPPLM
computed from eq. (A.17). In figure 3 we show ∆gLM/∆gPPLM as a function of n¯, which
determines the sizes of the shot noise spectra according to P δδnoise = 1/n¯, P
uu
noise = σ
2
u/n¯ and
P δunoise = P
uδ
noise = 0, where σu = 300 km/s is assumed. Note that this ratio is independent of
V .
The observed fact that ∆gLM/∆gPPLM ≤ 1 for any n¯ means that, in detectability, our
TripoSH-based analysis always surpasses the PP-limit one. The PP approximation causes
nontrivial mode mixings at the covariance level and the degradation of detectability (see
appendix A.3 for details). However, the superiority of the TripoSH-based analysis fades at
the high number density limit. This is because ∆gLM remains constant, while ∆gPPLM shrinks
owing to the reduction of the covariance (A.15). In the noiseless limit (or equivalently, in
the large regime of n¯), ∆gLM/∆gPPLM |δ reaches ∼ 1, while, interestingly, ∆gLM/∆gPPLM |u still
keeps ∼ 0.8, meaning that at least ∼ 20% of improvement is always expected compared to
the PP-limit analysis regardless of the shape of GLM . This benefits from the suppression
of minimization of ∆gPPLM |u due to residual mode mixings in the PP-limit covariance (see
appendix A.4 for a detailed explanation). Comparing eq. (4.6) with the PP-limit analytic
evaluates (A.20) and (A.22), these values are recovered.
On the other hand, the superiority of the TripoSH-based analysis becomes remarkable as
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Figure 3. Ratios of expected 1σ errors on gLM from the δ-only, u-only and δ + u data to the
counterparts estimated in the PP limit as a function of the number density of observed galaxies n¯
when GLM ∝ k±2, k±1 and k0. To make this figure, kmin = 0.005hMpc−1, kmax = 0.1hMpc−1,
b = 2.0 and z = 0.5 are adopted, while the results are not so sensitive to the change of these
parameters.
GLM (k) is blue-tilted. In the blue-tilted case the bias due to the shot noise is more effective
at larger k and hence ∆gPPLM is further smoothed. In contrast, ∆gLM is free from this effect
(because of no dependence on n¯) and therefore the gap between them is widened.
5 Conclusions
In this paper, we, for the first time, have examined the detectability of cosmic statistical
anisotropy via the galaxy density and velocity surveys without assuming the PP approxima-
tion. To extract the anisotropic signal from the 2PCF of the density and velocity fields, we
have performed the TripoSH decomposition. The covariance of the TripoSH coefficient has
been computed for the first time, and from the resultant analytic expression, the absence of
nontrivial mixings between each multipole moment, which appear in the PP-limit covariance,
has been confirmed. Owing to this fact, the covariance is minimized, resulting in the opti-
mization of signal detectability. Via the Fisher matrix calculation, we have shown that, in
terms of the detectability of statistical anisotropy, our TripoSH-based estimation always has
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an advantage over the previous PP-limit one. Remarkable superiority has been confirmed,
especially in the cases that the shot noise level is large and that target statistical anisotropy
has a blue-tilted shape in Fourier space.
In upcoming all-sky surveys [21–23], the wide-angle effect in 2PCFs, which cannot be
treated by the PP-limit formalism, will play a critical role. As we have shown in this paper, the
inclusion of the wide-angle correlation in the data analysis is beneficial for the cosmic isotropy
test. As some experiments will start running in the few years [21], a feasible estimator of the
TripoSH coefficient and a methodology for removing artificial anisotropic contaminations due
to, e.g., asymmetric survey geometry should be immediately established.
Throughout this paper, the linear theory has always been adopted, and any general
relativistic effect (e.g. [31]) has not been taken into account. Hence, the reasonability of
our estimates is not trivial for extremely large or small scale. The geometrical distortion,
the Alcock-Paczynski effect [57–59], has also not been included in our analysis since the
geometrical distortion on the curved sky is not trivial. These should be clarified in future
works.
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A Expected errors on gLM in the plane-parallel limit
In this appendix, we discuss the Fisher matrix forecasts for gLM in the PP limit (sˆ1 = sˆ2).
As for the δ-only case, there already exist complete discussions in the literature [17, 19], while
here it is extended by adding the velocity field.
A.1 Bipolar spherical harmonic decomposition
In the PP limit, the 2PCF is characterized by two angles: sˆ12 and sˆ ≡ sˆ1 = sˆ2. In this case,
the angular dependence is completely decomposed according to
ξX1X2(s12, sˆ, sˆ) =
∑
``′LM
ξLMX1X2``′ (s12)X
LM
``′ (sˆ12, sˆ), (A.1)
where we employ the BipoSH basis [27], reading
XLM``′ (sˆ12, sˆ) ≡ {Y`(sˆ12)⊗ Y`′(sˆ)}LM
=
∑
mm′
CLM`m`′m′Y`m(sˆ12)Y`′m′(sˆ). (A.2)
This is related to the TripoSH basis in the PP limit as
XLM``1`2`′(sˆ12, sˆ, sˆ) = (−1)`
′ h`1`2`′√
2`′ + 1
XLM``′ (sˆ12, sˆ). (A.3)
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The BipoSH coefficient ξLMX1X2``′ is related to the Fourier-space counterpart:
piLMX1X2``′ (k) ≡
∫
d2kˆ
∫
d2sˆ PX1X2(k, sˆ, sˆ)XLM∗``′ (kˆ, sˆ), (A.4)
via the Hankel transformation:
ξLMX1X2``′ (s12) = i
`
∫ ∞
0
k2dk
2pi2
j`(ks12)pi
LMX1X2
``′ (k). (A.5)
Note that ` and `′ represent the multipole moments associated with kˆ (or sˆ12) and sˆ, respec-
tively.
Let us define the reduced coefficient as
PLMX1X2``′ (k) ≡ (−1)L
h``′L√
4pi
piLMX1X2``′ (k), (A.6)
where P 00X1X2`` is equivalent to the usual Legendre decomposition coefficient.
A.2 Anisotropic signal
Now, we perform the BipoSH decomposition of the redshift-space density and velocity power
spectrum originating from the directional-dependent matter power spectrum (3.10). We
rewrite eq. (2.7) into
PX1X2(k, sˆ, sˆ) =
∑
j
PX1X2j (k)Lj(kˆ · sˆ)
∑
LM
GLM (k)YLM (kˆ), (A.7)
where
PX1X2j (k) ≡
∑
j1j2
4pi(−1)j2h2j1j2j
(2j1 + 1)(2j2 + 1)
cX1j1 (k)c
X2
j2
(k)P¯m(k) (A.8)
corresponds to the conventional Legendre decomposition coefficient of the isotropic power
spectrum. The explicit expressions of all nonzero components read
P δδ0 (k) =
(
b2 +
2
3
bf +
1
5
f2
)
P¯m(k),
P δδ2 (k) =
(
4
3
bf +
4
7
f2
)
P¯m(k),
P δδ4 (k) =
8
35
f2P¯m(k),
P δu1 (k) = −P uδ1 (k) = −i
(
bf +
3
5
f2
)
aH
k
P¯m(k),
P δu3 (k) = −P uδ3 (k) = −
2
5
if2
aH
k
P¯m(k),
P uu0 (k) =
1
3
f2
(
aH
k
)2
P¯m(k),
P uu2 (k) =
2
3
f2
(
aH
k
)2
P¯m(k),
(A.9)
where we have dropped the terms including cδ1 because of the smallness in the PP limit.
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Plugging eq. (A.7) into eq. (A.4) and performing the kˆ and sˆ integrals lead to
PLMX1X2``′ (k) =
√
4pi
2L+ 1
h2``′L
2`′ + 1
PX1X2`′ (k)GLM (k). (A.10)
Only the coefficients obeying the selection rule of h``′L, i.e., |` − `′| ≤ L ≤ ` + `′ and
`+ `′ + L = even do not vanish.
A.3 Covariance
In the PP limit, the covariance of PˆX1X2 (3.16) slightly changes as〈
PˆX1X2(k, sˆ, sˆ)Pˆ X˜1X˜2(k˜, ˆ˜s, ˆ˜s)
〉
c
= 4pi
δk,k˜
Nk
× 4piδ(2)(sˆ− ˆ˜s)
×
[
δ(2)(kˆ +
ˆ˜
k)PX1X˜1tot (k, sˆ, sˆ)P
X2X˜2
tot (−k, sˆ, sˆ)
+δ(2)(kˆ − ˆ˜k)PX1X˜2tot (k, sˆ, sˆ)PX2X˜1tot (−k, sˆ, sˆ)
]
. (A.11)
In a conventional manner, we expand PX1X2tot using the Legendre polynomials as
PX1X2tot (k, sˆ, sˆ) =
∑
j
PX1X2(O) j (k)Lj(kˆ · sˆ), (A.12)
where
PX1X2(O) j (k) = P
X1X2
j (k) + P
X1X2
noise δj,0. (A.13)
The double BipoSH decomposition of eq. (A.11) leads to the covariance of PˆLMX1X2``′ as〈
PˆLMX1X2``′ (k)Pˆ
L˜M˜X˜1X˜2∗
˜``˜ ′ (k˜)
〉
c
= δL,L˜δM,M˜
δk,k˜
Nk
ΘL;X1X2;X˜1X˜2
``′; ˜``˜ ′
(k), (A.14)
where
ΘL;X1X2;X˜1X˜2
``′; ˜``˜ ′
(k) = h``′Lh ˜``˜ ′L
∑
j1j2j
(4pi)3(−1)L+`+j2h2j1j2jh`˜`jh`′ ˜`′j
(2j1 + 1)(2j2 + 1)(2j + 1)
{
L ˜` ˜`′
j `′ `
}
×
[
(−1)˜`PX1X˜1(O) j1 (k)P
X2X˜2
(O) j2
(k) + PX1X˜2(O) j1 (k)P
X2X˜1
(O) j2
(k)
]
. (A.15)
To derive this, we have used eq. (B.5). Note that ΘL;δδ;δδ
``′; ˜``˜ ′
is equivalent to ΘL
``′, ˜``˜ ′
in ref. [19]
although their forms seem different from each other.
Let us focus on the monopole moments `′ = ˜`′ = 0, which contribute dominantly to the
δ-only and u-only Fisher matrix. The corresponding elements of the covariance matrix read
ΘL;δδ;δδ
`0;˜`0
= δ`,Lδ˜`,L(2L+ 1)
[
1 + (−1)L] [(P δδ0 + P δδnoise)2 + 15(P δδ2 )2 + 19(P δδ4 )2
]
,
ΘL;uu;uu
`0;˜`0
= δ`,Lδ˜`,L(2L+ 1)
[
1 + (−1)L] [(P uu0 + P uunoise)2 + 15(P uu2 )2
]
.
(A.16)
As confirmed from these, not only the Legendre monopole PXX0 but the other multipoles as
PXX2 and PXX4 coexist in the monopole moment of the covariance Θ
L;XX;XX
`0;˜`0
. The similar
mode mixing is also observed for `′ > 0 or ˜`′ > 0. This is due to the identification of four
LOS directions by the PP approximation and gives rise to the detectability loss on gLM .
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A.4 Fisher matrix forecasts
The Fisher matrix for gLM in the PP limit reads
FPPL =
∑
X1X2
X˜1X˜2
V
∫ kmax
kmin
k2dk
2pi2
∑
``′
˜``˜ ′
∂PLMX1X2∗``′ (k)
∂g∗LM
(Θ−1)L;X1X2;X˜1X˜2
``′; ˜``˜ ′
(k)
∂PLMX˜1X˜2˜``˜ ′ (k)
∂gLM
. (A.17)
This is used for computation of ∆gLM/∆gPPLM in figure 3.
We confirm that FPPL |δ and FPPL |u are mostly determined by the `′ = ˜`′ = 0 modes and
therefore we may evaluate these as
FPPL |X ' V
∫ kmax
kmin
k2dk
(2pi)3
(
k
k∗
)2q (2L+ 1)[PXX0 (k)]2
ΘL;XX;XXL0;L0 (k)
. (A.18)
Let us consider the noiseless limit: PX1X2noise  PXX0 . As for the δ-only case, the contri-
butions of higher-order moments: P δδ2 and P δδ4 to the covariance are subdominant; thus, the
covariance approximately takes the minimized form:
ΘL;δδ;δδL0;L0 |noiseless ' (2L+ 1)
[
1 + (−1)L] (P δδ0 )2. (A.19)
Calculating the k integral with this form leads to
FPPL |noiselessδ '
V k3∗
16pi3
×

[(
kmax
k∗
)2q+3 − (kmink∗ )2q+3] 12q+3 : q 6= −32
ln
(
kmax
kmin
)
: q = −32
, (A.20)
which agrees with the TripoSH-based Fisher matrix (4.6). On the other hand, as for the
u-only case, the minimization of the covariance is suppressed as P uu0 and P uu2 contribute
comparably to the covariance. Using a fact that P uu2 = 2P uu0 [see eq. (A.9)], we derive
ΘL;uu;uuL0;L0 |noiseless =
9
5
(2L+ 1)
[
1 + (−1)L] (P uu0 )2, (A.21)
and consequently
FPPL |noiselessu '
5
9
FPPL |noiselessδ , (A.22)
meaning that the δ-only case is superior in detectability of gLM to the u-only one in the
noiseless limit. These analytic estimates are utilized for explanation of the behavior of
∆gLM/∆g
PP
LM in the large regime of n¯ described in figure 3.
B Useful identities
This section summarizes some mathematical identities used in this paper.
Angular dependences in functions are expanded with the spherical harmonics as
Ll(kˆ · nˆ) = 4pi
2l + 1
∑
m
Ylm(kˆ)Y
∗
lm(nˆ),
eik·x =
∑
LM
4piiLjL(kx)YLM (kˆ)Y
∗
LM (xˆ).
(B.1)
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Angular integrals of multiples of spherical harmonics can be performed employing
Yl1m1(nˆ)Yl2m2(nˆ) =
∑
l3m3
Y ∗l3m3(nˆ)hl1l2l3
(
l1 l2 l3
m1 m2 m3
)
,∫
d2nˆ Yl1m1(nˆ)Y
∗
l2m2(nˆ) = δl1,l2δm1,m2 .
(B.2)
Some equations including the Wigner symbols are simplified following
δm1,m′1δm2,m′2 =
∑
l3m3
(2l3 + 1)
(
l1 l2 l3
m1 m2 m3
)(
l1 l2 l3
m′1 m′2 m3
)
,
δl3,l′3δm3,m′3
2l3 + 1
=
∑
m1m2
(
l1 l2 l3
m1 m2 m3
)(
l1 l2 l
′
3
m1 m2 m
′
3
)
,
√
2l + 1δL,0 =
∑
m
(−1)l−m
(
l l L
m −m 0
)
,(
l1 l2 l3
m1 m2 m3
){
l1 l2 l3
l4 l5 l6
}
=
∑
m4m5m6
(−1)
∑6
i=4(li−mi)
(
l5 l1 l6
m5 −m1 −m6
)
×
(
l6 l2 l4
m6 −m2 −m4
)(
l4 l3 l5
m4 −m3 −m5
)
.
(B.3)
Employing the above identities, a key angular integral in the computation of the TripoSH
coefficient and its covariance can be reduced to∫
d2sˆ1
∫
d2sˆ2XLM∗``1`2`′(kˆ, sˆ1, sˆ2)Lj1(kˆ · sˆ1)Lj2(kˆ · sˆ2)
=
(4pi)2(−1)`h`1`2`′h``′L
(2`1 + 1)(2`2 + 1)
√
2`′ + 1
√
2L+ 1
Y ∗LM (kˆ)δ`1,j1δ`2,j2 . (B.4)
An angular integral appearing in the computation of the BipoSH covariance is reduced to∫
d2kˆ
∫
d2sˆ XLM∗``′ (kˆ, sˆ)X
L˜M˜∗
˜``˜ ′ (kˆ, sˆ)Lj1(kˆ · sˆ)Lj2(kˆ · sˆ)
=
∑
j
(4pi)2(−1)`+˜`′h2j1j2jh`˜`jh`′ ˜`′j
(2j1 + 1)(2j2 + 1)(2j + 1)
{
L ˜` ˜`′
j `′ `
}
(−1)MδL,L˜δM,−M˜ . (B.5)
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